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Abstract In this paper an on-line fuzzy identification of

Takagi Sugeno fuzzy model is presented. The presented

method combines a recursive Gustafson–Kessel clustering

algorithm and the fuzzy recursive least squares method.

The on-line Gustafson–Kessel clustering method is

derived. The recursive equations for fuzzy covariance

matrix, its inverse and cluster centers are given. The use of

the method is presented on two examples. First example

demonstrates the use of the method for monitoring of the

waste water treatment process and in the second example

the method is used to develop an adaptive fuzzy predictive

functional controller for a pH process. The results for the

Mackey–Glass time series prediction are also given.

Keywords Recursive fuzzy clustering � Recursive fuzzy

identification � Clustering � Online recursive identification �
Recursive Gustafson–Kessel clustering

1 Introduction

Takagi–Sugeno models (Takagi and Sugeno 1985) are a

powerful practical engineering tool for modeling and

control of complex systems. Due to the fuzzy regions

(clusters), the nonlinear system is decomposed into a multi-

model structure consisting of linear models (Johanson and

Murray-Smith 1997). This enables the T–S fuzzy model to

approximate virtually any nonlinear system within a

required accuracy, provided that enough regions are given

(Hwang and Chang 2007).

There are a number of off-line methods for identification

of fuzzy model (Kukolj and Levi 2004; Kim et al. 1997;

Shing and Jang 1993; Kasabov 1996). In recent years there

has been an increased interest in an on-line nonlinear

model identification that employ fuzzy logic and its com-

bination with the neural networks (Angelov and Filev

2004; Kasabov and Song 2002; Kim et al. 2005; Leng

et al. 2004; Kasabov 2001, 1998a, b; Qiao and Wang 2008;

Xu et al. 1993; Hai-Jun et al. 2006; Juang and Lin 1998;

Wang et al. 2008; Lin et al. 2001; Wu and Er 2000; Wu

et al. 2001; Lin 1995; Tzafestas and Zikidis 2001; Azeem

et al. 2003). The methods employ different clustering

algorithms for example Widrow–Hoffs LMS algorithm,

evolving clustering method (Kasabov and Song 2002),

N-first nearest neighborhood heuristic, error reducing and

structure-evolving mechanism, modified mountain clus-

tering (Azeem et al. 1999), Kohen’s feature maps and other

algorithms. The algorithms use mostly Gaussian or trian-

gular membership functions.

Probably one of the most promising methods for on-line

identification of the Takagi–Sugeno fuzzy model is the

evolving Takagi–Sugeno model (eTS) (Angelov and Filev

2004). The method is a further development of the evolv-

ing rule-based models (eR) (Angelov 2002). It uses the

informative potential of a new data sample to update the

rule base. To estimate the clusters the recursive clustering

algorithm (Angelov 2004) based on subtractive clustering

(Chiu 1994) is used. This is an improved version of

mountain clustering (Yager and Filev 1993). The width of

the membership functions in the original eTS method was

fixed, but the method was improved so that the width

is also automatically set [exTS (Angelov and Zhou 2006)

and eTS? (Angelov 2010)]. The improved version can
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therefore detect different shapes of clusters without

inverting the fuzzy covariance matrix. The exTS uses local

scatter measurement over the input space that resembles

the variance.

Recently an extension of the Gustafson–Kessel clus-

tering algorithm for evolving data stream clustering was

published as a chapter in a book (Filev and Georgieva

2010). The algorithm is also based on a GK off-line

clustering algorithm as ours, but the adaptation of centers

and the calculation of the fuzzy covariance matrix are

different. A recursive version of Gath-Geva clustering

(Soleimani-B et al. 2010) algorithm was also published

recently.

The idea behind the proposed algorithm is similar as in

(Angelov and Filev 2004). The difference is that they based

the algorithm on an off-line subtractive clustering algo-

rithm and the proposed one is based on a Gustafson–Kessel

off-line algorithm. Both algorithm use the Gaussian

membership function, but eTS is able to add new cluster

centers as apposed to the proposed, where the number of

clusters are fixed.

The proposed algorithm is developed for on-line iden-

tification and adaptation of the fuzzy model. It is developed

to be used in a fuzzy predictive functional controller

(Škrjanc and Matko 2000) to control nonlinear dynamic

systems, where the nonlinearity is time dependent. It can

also be used for a fault detection of a non-linear process,

where the dynamic of the system changes, such as waste

water treatment process. For the basis we chose the GK

clustering, because is well known, widely used for con-

structing fuzzy models that are used for model predictive

control and gives good results. The recursive equations are

derived directly from equations of the off-line algorithm.

The paper is organized in the following fashion. First the

recursive identification method is developed based on GK

and least squares algorithm. The use of the method is then

demonstrated on an example of monitoring of waste water

treatment process and on the control of the pH process.

Then the results for Mackey–Glass (M–G) time series

prediction are given. At the end some conclusions are

made.

2 Fuzzy c-means and Gustafson–Kessel clustering

Fuzzy c-means (FCM) is probably one of the most known

off-line clustering algorithms (Bezdek 1981). It is based on

a minimization of the fuzzy c-means objective function.

From the minimization problem the equations for the

membership degrees (li) and cluster centers (vi) are

obtained:

liðkÞ ¼ d2
ik

Xc

j¼1

1

d2
jk

 ! 1
g�1

0

@

1

A
�1

ð1Þ

vi ¼
Pn

k¼1 lg
i ðkÞxðkÞPn

k¼1 lg
i ðkÞ

; ð2Þ

where dik is the Euclidian distance between the observation

x(k) (data vector xðkÞ ¼ ½x1ðkÞ; . . .; xmðkÞ�) and the cluster

centroid vi. The FCM algorithm is based on assumption

that the clusters are spherical shaped. In number of real

problems and dynamical systems the clusters are of

different shapes and with different orientations in the

data space. To detect different geometrical shapes in data

sets Gustafson and Kessel (1979) extended the FCM

algorithm by employing an adaptive distance norm for each

cluster. Each ith cluster has its own norm-inducing matrix

Ai which affects the distance norm. Euclidan norm in the

FCM is replaced with Mahalanobis distance norm given as

follows:

D2
ik;Ai
¼ ðxðkÞ � viÞT AiðxðkÞ � viÞ; ð3Þ

where Ai is obtained from fuzzy covariance matrix Fi

defined as:

Fi ¼
Pn

k¼1 lg
i ðkÞ xðkÞ � við Þ xðkÞ � við ÞTPn

k¼1 lg
i ðkÞ

; ð4Þ

Ai ¼ ½qi detðFiÞ�1=p F�1
i ; ð5Þ

where p is the number of measured variables and qi is a

cluster volume, which is usually set to 1 for each cluster.

This allows the algorithm to find clusters of approximately

equal volumes.

3 Recursive GK clustering

When the behavior of the process that generates the

observed data changes during the time, the clustering

should be done recursively to obtain the clusters that

describe the current behavior. The recursive method can

also be used for constructing the fuzzy model on-line.

3.1 The recursive center calculation

To develop the recursive fuzzy clustering algorithm we

will first define the cluster centroid vector vT
i ¼

vi1; . . .; vim½ � according to the current observation, i.e., the

weighted mean of the data according to the current mem-

bership degrees. This introduces the notation vi(r), which

means the cluster centroid at the time instant r that is

obtained by weighting with the current membership
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degrees. The cluster centroid in the next observation is

denoted as

viðr þ 1Þ ¼
Prþ1

k¼1 lg
i ðkÞxðkÞPrþ1

k¼1 lg
i ðkÞ

¼
Pr

k¼1 lg
i ðkÞxðkÞ þ lg

i ðr þ 1Þxðr þ 1ÞPr
k¼1 lg

i ðkÞ þ lg
i ðr þ 1Þ ð6Þ

where liðkÞ; k ¼ 1; . . .; r þ 1 denotes the membership

degree of the observation vector xðkÞT ¼ x1ðkÞ; . . .;½
xmðkÞ�; k = 1,..., r ? 1 to the cluster i at the time instant

k. Introducing the relation between the old cluster centroid

and a new one as follows:

viðr þ 1Þ ¼ viðrÞ þ Dviðr þ 1Þ ð7Þ

and taking into account Eq. 6 the Eq. 11 is obtained:

viðr þ 1Þ ¼
Pr

k¼1 lg
i ðkÞxðkÞ=

Pr
k¼1 lg

i ðkÞPrþ1
k¼1 lg

i ðkÞ=
Pr

k¼1 lg
i ðkÞ

þ lg
i ðr þ 1Þxðr þ 1ÞPr

k¼1 lg
i ðkÞ þ lg

i ðr þ 1Þ ð8Þ

viðr þ 1Þ ¼ viðkÞ
Pr

k¼1 lg
i ðkÞPrþ1

k¼1 lg
i ðkÞ

þ lg
i ðr þ 1Þxðr þ 1ÞPr

k¼1 lg
i ðkÞ þ lg

i ðr þ 1Þ
ð9Þ

viðr þ 1Þ ¼ viðkÞ �
viðkÞlg

i ðr þ 1Þ
Prþ1

k¼1 lg
i ðkÞ

þ lg
i ðr þ 1Þxðr þ 1ÞPr

k¼1 lg
i ðkÞ þ lg

i ðr þ 1Þ ð10Þ

Dviðr þ 1Þ ¼ lg
i ðr þ 1Þ xðr þ 1Þ � viðrÞð ÞPr

k¼1 lg
i ðkÞ þ lg

i ðr þ 1Þ ð11Þ

The term in the denominator of equation can be denoted as

siðk þ 1Þ 2 R
c and calculated as:

siðr þ 1Þ ¼ siðrÞ þ lg
i ðr þ 1Þ ð12Þ

where si(r) is defined as follows

siðrÞ ¼
Xr

k¼1

lg
i ðkÞ ð13Þ

Introducing the forgetting factor, Eq. 12 can be rewritten

as:

siðr þ 1Þ ¼ cv siðrÞ þ lg
i ðr þ 1Þ: ð14Þ

The parameter cv, (0� cv� 1) denotes the forgetting factor

of a past observation, i.e., the forgetting factor of the past

membership degrees. The Dviðr þ 1Þ can now be written as:

Dviðr þ 1Þ ¼ lg
i ðr þ 1Þ xðr þ 1Þ � viðrÞð Þ

siðr þ 1Þ ð15Þ

The current membership degree li(r ? 1) is next defined

as follows:

liðr þ 1Þ ¼ D2
i;rþ1;Ai

Xc

j¼1

1

D2
j;rþ1;Aj

 ! 1
g�1

0

@

1

A
�1

ð16Þ

where D2
i;rþ1;Ai

defines the quadratic distance from the

cluster centroid as follows:

D2
i;rþ1;Ai

¼ xðrþ 1Þ� viðrÞð ÞT Ai xðrþ 1Þ� viðrÞð Þ; 1� i�c:

ð17Þ

The matrix Ai is calculated from fuzzy covariance

matrix (Eq. 4) at each step. The equation for the fuzzy

covariance matrix must be rewritten in a form suitable

for a recursive calculation. The equation for the fuzzy

covariance matrix can be written in a following form:

FiðrÞ ¼
Pr

k¼1 lg
i ðkÞ xðkÞ � vr

i

� �
xðkÞ � vr

i

� �T

Pr
k¼1 lg

i ðkÞ
ð18Þ

where vi
r stands for the centroid vector of the ith cluster

calculated for the set of r samples. The fuzzy covariance

matrix at the next sample (r ? 1) can be expressed as

follows

Fiðrþ 1Þ ¼
Pr

k¼1 lg
i ðkÞ xðkÞ� vrþ1

i

� �
xðkÞ� vrþ1

i

� �T

Pr
k¼1 lg

i ðkÞþlg
i ðrþ 1Þ

þ
lg

i ðrþ 1Þ xðrþ 1Þ� vrþ1
i

� �
xðrþ 1Þ� vrþ1

i

� �T

Pr
k¼1 lg

i ðkÞþlg
i ðrþ 1Þ

ð19Þ

where vi
r?1 stands for the centroid vector of the ith cluster

calculated for the set of r ? 1 samples.

Taking into account Eq. 18, introducing it into Eq. 19,

and using Eq. 12 and Eq. 13, the following recursive

expression for the fuzzy clustering matrix approximation is

obtained

Fiðrþ 1Þ ¼ cc

siðrÞ
siðrþ 1ÞFiðrÞþ

lg
i ðrþ 1Þ

siðrþ 1Þ
� xðrþ 1Þ� viðrþ 1Þð Þ xðrþ 1Þ� viðrþ 1Þð ÞT ;

ð20Þ

where cc was introduced as forgetting factor of fuzzy

covariance matrix. For recursive Gustafson Kessel method

we also need an inverse of the fuzzy covariance matrix.

The calculation of the inverse is a slow operation.

Therefore we used the Woodbury inverse lemma to gain

the recursive calculation of the inverse fuzzy matrix:

F�1
i ðr þ 1Þ ¼ A� B

C
ð21Þ

A ¼ 1

cc

siðr þ 1Þ
siðrÞ

FiðrÞ�1 ð22Þ
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B ¼ 1

cc

siðr þ 1Þ
siðrÞ

F�1
i

lg
i ðr þ 1Þ

siðr þ 1Þ xðr þ 1Þ � viðr þ 1Þð Þ

� xðr þ 1Þ � viðr þ 1Þð ÞT 1

cc

siðr þ 1Þ
siðrÞ

F�1
i ð23Þ

C ¼ 1þ xðr þ 1Þ � viðr þ 1Þð ÞT 1

cc

siðr þ 1Þ
siðrÞ

� F�1
i

lg
i ðr þ 1Þ

siðr þ 1Þ xðr þ 1Þ � viðr þ 1Þð ÞÞ ð24Þ

Now the inversion of the fuzzy covariance matrix is done

only at the initialization step.

3.2 Applying the recursive least squares

The centers of the fuzzy clusters and their distribution are

used to define the new membership functions and using the

recursive least squares method the fuzzy model is obtained.

Using the projection of the cluster onto the independent

variables, the input membership functions are obtained.

Here we are assuming that the first m - 1 measured vari-

ables represent the input variables and the last mth variable

in the observation vector (x(k)) represents the output.

In our case we used the Gaussian membership functions.

The membership function of the ith cluster and the jth

component of x(k) is defined as

li xjðkÞ
� �

¼ e
�ðxjðkÞ�vijðkÞÞðxjðkÞ�vijðkÞÞT

2lmr2
ij
ðkÞ

;
i ¼ 1; . . .; c; j ¼ 1; . . .;m� 1

ð25Þ

where vij is the jth component of ith cluster center, xj is the

jth component of the observation vector and rij is the

variance (the jth diagonal element of matrix Fi). The

overlapping factor lm defines the overlapping of the

membership functions. Usually it can be set to one so

that the membership functions resemble the Gaussian

distribution. The m - 1 input variables define the input

hyperspace. The subspaces in this hyperspace are defined

as the Cartesian product of the subspaces. These imply the

definition of the membership degree in each subspace as

the product of the membership degrees as follows:

biðkÞ ¼
Ym�1

j¼1

li xjðkÞ
� �

ð26Þ

The fuzzy recursive least squares algorithm (Goodwin and

Sin 1984, Kasabov and Song 2002, Angelov and Filev

2004) is then used to estimate the local-linear sub-models

parameters. We can use version for global optimization

case:

wT
i ðk þ 1Þ ¼ biðkÞ 1; x1ðkÞ; x2ðkÞ; . . .; xm�1ðkÞ½ � ð27Þ

yiðkÞ ¼ biðkÞ xmðkÞ ð28Þ

Piðk þ 1Þ ¼ 1

kr
PðkÞ � PiðkÞwiðk þ 1ÞwT

i ðk þ 1ÞPiðkÞ
kr þ wT

i ðk þ 1ÞPiðkÞwiðk þ 1Þ

 !

ð29Þ

hiðk þ 1Þ ¼ hiðkÞ þ PiðkÞwiðk
þ 1Þ yiðkÞ � wT

i ðk þ 1ÞhiðkÞ
� �

ð30Þ

or for local optimization case:

wT
i ðk þ 1Þ ¼ 1; x1ðkÞ; x2ðkÞ; . . .; xm�1ðkÞ½ � ð31Þ

yiðkÞ ¼ xmðkÞ ð32Þ

Piðkþ1Þ¼ 1

kr
PðkÞ�biðkÞPiðkÞwiðkþ1ÞwT

i ðkþ1ÞPiðkÞ
krþbiðkÞwT

i ðkþ1ÞPiðkÞwiðkþ1Þ

 !

ð33Þ

hiðk þ 1Þ ¼ hiðkÞ þ PiðkÞwiðk
þ 1ÞbiðkÞ yiðkÞ � wT

i ðk þ 1ÞhiðkÞ
� �

ð34Þ

where kr stands for the exponential forgetting factor, which

should be set between 0.98 and 1 to deal with time-varying

processes (Åström and Wittenmark 1995), Pi stands for the

covariance matrix, which is set to Pið0Þ ¼ 102� 105I; I 2
R

m�m; and hi represents the parameters of the ith local model.

3.3 The steps of the algorithm

The algorithm can be described in ten steps that are made

at each time instant k and initialization step. The clustering

algorithm is from step one to step nine. Step nine repre-

sents the fuzzy recursive least squares.

1. Step 0: Initialization:

• define the number of clusters (c), the fuzziness

and overlapping (g, gm), the forgetting factors

(kr; cv; cc), number of measured variables (p) and

the cluster volumes (qi),

• determine the initial value of Pi for i ¼ 1; . . .; c;
• determine the initial Fi for i ¼ 1; . . .; c;

• determine the initial centers: vi = x(k), for i ¼ k ¼
1; . . .; c and membership degrees li(x(k)) = 1 for

i ¼ k; liðxðkÞÞ ¼ 0 for i 6¼ k; i; k ¼ 1; . . .; c;

• calculate the initial si for i ¼ 1; . . .; c from Eq. 13,

• calculate the inverse of the fuzzy covariance

matrix.

2. Step 1: calculate the matrix Ai from Eq. 5,

3. Step 2: calculate the distance Di from Eq. 17,

4. Step 3: calculate the current membership degree from

Eq. 16,

5. Step 4: calculate the si(r ? 1) from Eq. 14,

6. Step 5: calculate the change of cluster centers Dvi

from Eq. 11,
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7. Step 6: calculate the new centers from Eq. 7,

8. Step 7: calculate the new fuzzy covariance matrix

Fi(r ? 1) from equation Eq. 20 and inverse fuzzy

covariance matrix from Eqs. 22 to Eq. 24,

9. Step 8: calculate the membership functions li from

Eq. 25,

10. Step 9: calculate the membership degrees bi from

Eq. 26,

11. Step 10: apply the recursive least squares Eqs. 27–30

or Eqs. 31–34 and return to Step 1.

Step 0 is executed only once in the procedure. The first

three tasks under step zero are done by user everything else

is initialized from the algorithm itself. The steps from Step

1 to Step 10 are executed for the time instances k� cþ 1

for every new sample.

The parameters that have to be set in advance are: for-

getting factors, number of clusters, fuzziness, overlapping

factor, cluster volumes and number of measured variables.

For time varying processes, the factors must be lower than

one to ensure the forgetting. By lowering the forgetting

factors the fluctuations of estimates will increase but the

adaptation will be faster. The forgetting factors can be

chosen with the help of the rule of thumb (Åström and

Wittenmark 1995):

k ¼ 1� 2=N; ð35Þ

where k is the forgetting factor and N are the data samples,

that affect the estimates.

The fuzziness factor and overlapping factor define the

smoothness of the nonlinearity approximation. The higher

they are the more smooth nonlinearity we get, but to high

values cause bigger identification error and prediction error.

The fuzziness factor is usually set g = 2 and the overlapping

factor gm = 1. The cluster volumes are usually se to one.

For the fuzzy covariance and least squares covariance

matrix the initial values must be given. The matrix are

usually initialized with the identity matrix as: Fi(0)& I and

Pi(0)& 104I.

4 Fault detection based on a fuzzy model

In this example the proposed method is used to construct

the fuzzy model based on a number of starting samples.

The fuzzy model is then used to monitor the process and

detect the fault. The process used in the example was a

waste water treatment process.

Waste-water treatment plants are large nonlinear sys-

tems subject to large perturbations in flow and load,

together with uncertainties concerning the composition of

the incoming waste-water. The simulation benchmark

has been developed to provide an unbiased system for

comparing various strategies without reference to a par-

ticular facility. It consists of five sequentially connected

reactors along with a 10-layer secondary settling tank. The

plant layout, model equations and control strategy are

described in detail on the web page (http://www.ensic.u-

nancy.fr/costwwtp). In our example the phase where the

waste-water is purified is monitored. After this phase the

moving bed bio-film reactor is used. Schematic represen-

tation of simulation benchmark is shown in Fig. 1. The

detection of sensor faults was applied to the simulation

model where the following measurements were used to

identify the fuzzy model: influent ammonia concentration

in the inflow Qin defined as CNH4Nin
; dissolved oxygen

concentration in the first aerobic reactor tank C1
O2
; dis-

solved oxygen concentration in the second aerobic reactor

tank C2
O2

and the ammonia concentration in the second

aerobic reactor tank CNH4Nout
: The fuzzy model was build to

model the relation between the ammonia concentration in

the second aerobic reactor tank and the other measured

variables:

CNH4Nout
ðkÞ ¼ G CNH4N in

ðkÞ;C1
O2
ðkÞ;C2

O2
ðkÞ

� �
ð36Þ

where G stands for nonlinear relation between measured

variables. First 15,000 measurements (sampling time

Ts = 120 s) were used to find the fuzzy clusters and to

estimate the fuzzy model parameters. At the measurement

17,000 the slowly increasing sensor fault occur, which is

than at sample 18,000 eliminated. This means that sensor to

measure the ammonia concentration in the second aerobic

reactor tank CNH4Nout
is faulty. The signal with exponen-

tially increasing value was added to the nominal signal.

The whole set of measurements is shown in Fig. 2 and 3.

The fuzzy model is obtained on the set of first 15,000

samples using the proposed method. The identification of

the model is done on-line. At the sample 15,000 the model

output is calculated for the starting period and the tolerance

index are calculated. The fuzziness and overlapping were

set to four and ten clusters were used. The forgetting fac-

tors for the first period were set to one (no forgetting).

From the sample 15,000 the forgetting factors were set to

0.9998. The on-line adaptation is stopped when alarm is

raised and started again after the end of alarm. The fuzzy

ANOXIC TANKS

AERATION TANKS

Q
in

Qair

Qw

Q out

Fig. 1 Schematic representation of simulation benchmark
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model output ĈNH4Nout
and the process output CNH4Nout

for

the tuning period are shown in Fig. 4.

The fault detection index is defined as:

f ¼ CNH4Nout
� ĈNH4Nout

ĈNH4Nout

 !2

ð37Þ

The fault tolerance index is defined as relative degree of

maximal value of fault detection index in the identifica-

tion or learning phase ftol = c max f where in our case

c = 1.5.

The algorithm calculated the value of fault detection

index ftol = 0.156. The fault which occur at the sample

17,000 is detected at the sample 17,425. The detection is

delayed, but this is usual when the faults are slowly

increasing. Figure 5 shows the process output and the

model prediction for the whole experiment.

5 Fuzzy predictive functional control

This example demonstrates the use of the proposed

recursive clustering method in a combination with the

fuzzy predictive functional control algorithm. The

method is used for adaptation of fuzzy model when the

nonlinearity changes. This example the FPFC is used to

control the pH process. The process was adopted from

(Henson and Seborg 1994). The scheme of the process is

0 0.5 1 1.5 2 2.5 3

x 10
4
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sample

C
N

H
4N
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0 0.5 1 1.5 2 2.5 3

x 10
4

2
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6

8

sample

C
1 O

2

Fig. 2 The whole set of measurements. The influent ammonia

concentration CNH4Nin
and dissolved oxygen concentration in the first

aerobic reactor tank C1
O2
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shown on Fig. 7. The acid stream (q1), buffer stream (q2)

and base stream (q3) are mixed in tank 1. Prior to mixing

the acid stream enters tank 2, which introduces an

additional dynamics. The control valves control the acid

and base flow. The tank level (h1) and effluent pH (pH)

are measured values. In this example the controlled

variable is pH, manipulated by base flow rate (q3), acid

and buffer flows are considered to be unmeasured

disturbances.

Equations that describe the process are following:

A2

dh2

dt
¼ q1 � q1e ð38Þ

q1e ¼ Cv1h0:5
2 ð39Þ

x ¼ ½Wa4 Wb4 h1�T ð40Þ
d ¼ q2 ð41Þ
ua ¼ q3 ð42Þ
y ¼ pH ð43Þ

f ðxÞ ¼ q1

A1x3

ðWa1 � x1Þ
q1

A1x3

ðWb1 � x2Þ
�

� 1

A1

ðq1 � Cv4ðh1 þ zÞnÞ
�T

ð44Þ

gðxÞ ¼ 1

A1x3

ðWa3 � x1Þ
1

A1x3

ðWb3 � x2Þ
1

A1

� �T

ð45Þ

pðxÞ ¼ 1

A1x3

ðWa2 � x1Þ
1

A1x3

ðWb2 � x2Þ
1

A1

� �T

ð46Þ

_x ¼ f ðxÞ þ gðxÞua þ pðxÞd ð47Þ
pKa2 ¼ �log10ðKa2Þ pKa1 ¼ �log10ðKa1Þ ð48Þ

cðx; yÞ ¼ x1 þ 10y�14 � 10�y þ x2

1þ 2� 10y�pKa2

1þ 10pKa1�y þ 10y�pKa2

ð49Þ
cðx; yÞ ¼ 0 ð50Þ

The parameters are given in Table 1. The change of the

dynamics of the process is simulated by changing the

buffer input stream q2 to 0.8 ml/s and the acid stream q1 to

10 ml/s.

To show the cluster center reposition the test in an open-

loop was made with the random input signal. The regres-

sion vector was chosen as x(i) = [ua(i) y(i)]T. Figure 8

shows the cluster centers and the input–output data distri-

bution before the change. Figure 9 shows the cluster cen-

ters and the input–output data distribution after the change.

For the control the starting fuzzy model was identified

on-line in an open loop using random generated input

signal. This model was then used to control the process

using fuzzy predictive functional controller. The control

algorithm is detail described in (Dovžan and Škrjanc 2010)

and (Škrjanc and Matko 2000). The forgetting factors were

set to 0.999 and the resetting of covariance matrices was

used (Åström and Wittenmark 1995). Figure 10 shows the

control experiment. In the experiment the adaptive version

of the FPFC and nonadaptive version are compared.

The control of the adaptive version is better than one

with the nonadaptive. The disturbance rejection is faster

Fig. 11 and has less overshoot.
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Also after the model adapts its self to new process

dynamics the control is better (Fig. 12).

The most important is that the error between the model

and process output is smaller wit the adaptive control

(Fig. 13).

The control with the adaptive FPFC is better than with

the non-adaptive. There is less overshoot and better regu-

lation after the disturbance. In Table 2 the sum squared

errors are given. It can be seen that the error between

model prediction and real process output is substantially

smaller with the adaptive FPFC.

6 Mackey–Glass (M–G) time series prediction

To compare the proposed method to others, the results for

the benchmark problem of 85-steps ahead Mackey-Glass

time series (Mackey and Glass 1977) prediction are given.

The detailed description of the experiment is given in

(Kasabov and Song 2002). For the validation of the model

we used the non-dimensional error index (NDEI), defined

as the ratio of the root mean square error to the standard

deviation of the target data. The results from other methods

are taken from (Kasabov and Song 2002) and (Angelov

2010) and are shown in Table 3.

Some of the methods are also tested on the 6-step pre-

diction. Therefore an experiment was also made for 6-step

prediction. The proposed rGK approximated the 6-step

prediction experiment [described in (Paiva and Dourado

2001)] with NDEI 0.0859 (10 clusters).

Table 1 Operating conditions for pH process

A1 = 207 cm2 q4 = 32.8 ml/s

A2 = 42 cm2 Wa1 = 3 9 10-3 M

z = 11.5 cm2 Wb1 = 0 M

n = 0.607 Wa2 = -0.03 M

Ka1 = 4.47 9 107 Wb2 = 0.03 M

Ka2 = 5.62 9 10-11 Wa3 = -3.05 9 10-3 M

Kw = 1 9 1014 Wb3 = 5 9 10-5 M

ts = 15 s h1 = 14 cm

q1 = 16.6 ml/s h2 = 3 cm

q2 = 0.55 ml/s Wa4 = 4.32 9 10-4 M

q3 = 15.6 ml/s Wb4 = 5.28 9 10-4 M

q1e = 16.6 ml/s pH = 7

Cv1 = 1.767 Cv4 = 1.767
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Fig. 8 The input–output sample distribution before the disturbance.

The small dots present the samples, big dots the end cluster position

and the rectangles the starting positions
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Fig. 9 The input–output sample distribution after the disturbance.

The small dotspresent the samples, big dots the end cluster position

and the rectangles the starting positions
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7 Conclusion

In this paper a method for on-line fuzzy model identifica-

tion was presented. The method is based on a recursive

Gustafson–Kessel algorithm and recursive fuzzy least

squares. The rGK algorithm was derived from an off-line

GK algorithm. Guidelines for parameters settings are given

and examples of its use. The results for M–G time series

prediction are given.

The proposed method can be used for adaptive fuzzy

control, fault detection, model based design of experi-

ments and other areas, where fuzzy models with time

invariant parameters are inappropriate or where recur-

sive identification should be used. The performance of

the proposed method is comparable to other established

on-line methods.

Table 2 The sum squared error

APFC FPFC

Before disturbance

Model matching 86.9 90.9

Reference following 277.5 282.3

After disturbance

Model matching 230.7 3.4e4

Reference following 784.1 750.9

Table 3 Comparison of recursive GK method and other fuzzy

identification methods on a 85 steps ahead prediction of the M–G

time-series

Methods Rules (nodes, clusters) NDEI

DENFIS 58 0.276

DENFIS 27 0.404

exTs 10 0.331

exTs 9 0.361

eTs 9 0.372

eTS 113 0.0954

eTs? 8 0.438

eTs? 10 0.392

RAN 113 0.375

ESOM 114 0.32

EFuNN 193 0.401

DENFIS 883 0.033

ESOM 1,000 0.044

Neural gas 1,000 0.062

EFuNN 1,125 0.094

rGK 3 0.4667

rGK 10 0.3787

rGK 58 0.2113

rGK 100 0.1166
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Fig. 11 Disturbance rejection
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